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ABSTRACT

Let k be a field. For each finite group G and two-cocyle f in Z2(G, kX)
{with trivial action), one can form the twisted group algebra kfG =
@aeG kzs where o2, = f(0,7)xs- for all 0,7 € G. Our main result
is a short list of p-groups containing all the p-groups G for which there
is a field k¥ and a cocycle such that the resulting twisted group algebra
is a k-central division algebra. We also complete the proof (presented in
all but one case in a previous paper by Aljadeff and Haile) that every
k-central division algebra that is a twisted group algebra is isomorphic to
a tensor product of cyclic algebras.
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1. Introduction

Let k be a field. For each finite group G and two-cocyle f in Z2(G,k*) (with
trivial action), one can form the twisted group algebra kfG = D, cq kro where
o2, = f(0,T)xsr for all ,7 € G. The resulting k-algebra depends (up to k-
isomorphism) only on the class « (say) of f in H%(G,k>), and so we denote the
algebra k*G. One can characterize twisted group algebras in a more elementary
way: They are precisely the k-algebras that possess a “projective” basis, that
is a basis {a1,as,...,0,} such that for every pair 7, j there is an m such that
a;a; = kijan, for some k;; € k.

If « is trivial then kG is the group algebra of G over k, which is semisimple
if the characteristic of k& does not divide |G|, but not simple if G is not trivial.
If o is not trivial, however, the algebra k*G may be simple. For example if
k contains w, a primitive n-th root of unity, and a,b € £, then the symbol
algebra (a,b), (that is, the k-algebra generated by two elements z, y subject to
z" = a, y" = b, and yr = wry) is a k-central simple algebra and the elements
ztyl, for 0 < 4,5 < n — 1 form a projective basis and so (a,b), = k*(Z, x Zy,)
for some cocycle a, where Z,, denotes the cyclic group of order n.

In this paper we continue the investigation, begun in [1], of those twisted
group algebras over a field k that are in fact k-central division algebras. Our
main result is a short list of p-groups containing all the p-groups G for which
there is a field k¥ and a cocycle o such that k%G is a k-central division algebra.
In a subsequent paper the third author will prove, among other things, that the
groups that can occur (proved to be nilpotent in [1}) are precisely the products of
the groups on this list and so the classification of such groups will be complete.
In [1] it was shown that if k*G is a k-central division algebra, then k*G is
isomorphic to a tensor product of cyclic algebras, except possibly in the case
where G is a 2-group and k does not contain y/—1. In the last section of this
paper we remove that exception, and hence show that every k-central division
algebra of the form k“G is a tensor product of cyclics.

One of the motivations for this study comes from the theory of group repre-
sentations. To describe this we will let £ = C and T a finite group. It is well
known that if ¢: I' - GL(V) is an irreducible representation, then the degree
of the representation, that is the dimension of the vector space V over C, is
not greater than the square root of [I' : Z(T')], where Z(I') denotes the center
of I The group I is said to be of central type if it admits an irreducible
representation of degree equal to the square root of [I' : Z(T')]. For example, the
dihedral group of order 8 admits an irreducible representation of degree 2 and
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so is of central type. Using the classification of finite simple groups, Howlett
and Isaacs proved that if I" is of central type then it is solvable ([3, Theorem
7.3]).

Now recall that a projective representation of a group G is a function
¢: G = GL(V) such that its composition with the canonical projection from
GL(V)to PGL(V) is a group homomorphism. Given a projective representation
¢, themap f: GXG — Cgiven by f(0,7) = ¢(0)d(7)(¢(c7)7!) is a two-cocycle
and so represents a class a in H2(G, C*). This map endows V with the structure
of C*G-module.

Now assume we have a group I' such that I'/Z = G, where Z is the center
of I'. The group extension 1 -+ Z — I" - G — 1 gives rise to a two-cocycle
g:GxG = Z. If ¢: T — GL(V) is an irreducible representation, then it induces
a projective representation of G =I'/Z and so V becomes a module for C*G,
where o is the cocycle class arising from the two-cocycle ¢ o g. In particular, if
the dimension of V' is the square root of [I' : Z] = |G|, then the algebra C*G
is isomorphic to M, (C) where n is the order of G. Thus if I is of central type,
then the algebra C*( is a central simple C-algebra, for some cocycle class a.
By abuse of language, we also call such groups G central type, that is groups
G for which there is a cocycle a with C*G central simple over C (and hence
isomorphic to M, (C)). In fact one can show that a group G is of central type
in this new sense if and only if G is isomorphic to a quotient I'/Z (T} where I" is
of central type in the classical sense. Note that the result of Howlett and Isaacs
holds for groups of central type in this new sense.

Returning to our original setting of a twisted group algebra k*G, we see that
if k*G is k-central division algebra (or more generally k-central simple), and k
is a subfield of the complex numbers, then G is a group of central type. It is
therefore natural to examine such algebras.

2. Main results

Let G be a finite group and a a cocycle class on G. If 4 = kG = @ kz, is
the twisted group algebra, we let I' denote the subgroup of A generated by
{zs|c € G} and k™. The group I spans A as a vector space over k. We will
often write A = k(I'). We have I'/k* = G and we will denote this map by 7.
We will refer to the elements of T" as the grouplike elements of A and if « in
I’ maps to ¢ in G, then we say the weight of u is o. For each element ¢ in G
conjugation by u, (an element of weight o) is a k-algebra automorphism of A
and this automorphism is independent of which grouplike element of weight ¢ is
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used. This results in a group homomorphism from G to the group of k-algebra
automorphisms of A.

The group I' is center-by-finite, so by a theorem of Schur ([5, Theorem
9.8, Chapter 2]), its commutator subgroup I" is finite. It is easy to see that
EXT'/k* = (. It follows that k(I') is a subalgebra of A isomorphic to the
twisted group algebra k*G’. Because I is finite there is a representative f of
o which takes finite values on G, that is for all 0,7 € G', f(o,7) ¢ uwC kX,
where p denotes the group of roots of unity in k. Moreover, by ([5, Lemma of
Chapter 2, section 9]), if G is a p-group, then the values of f on G’ are p-power
roots of unity. We say that a cohomology class is of finite type if it can be
represented by a two cocycle which takes finite values in k.

Now assume k*G is a k-central division algebra. By [1, Theorems 1 and 2]
the commutator subgroup G’ is cyclic. Moreover, G is nilpotent and k%G is
isomorphic to k' Py, @k P ®- - - @ k*m P,,, where Py, Py, ..., Py, are the Sylow
p-subgroups of G and q; is the restriction of o to P;. From here on we will
consider the case where G is a p-group.

As in {1] the analysis breaks up naturally into two different cases, having to
do with the prime 2. We will distinguish these cases as follows. In case one
either the prime p is odd or p = 2 and k contains v/—1. In case two we assume
p =2 and k does not contain /—1.

Now assume we are in case one. Let G be a p-group and a a cocycle such
that D = k*G is a k-central division algebra. Because G’ is cyclic the algebra
k®G' is a field extension and because the restriction of « to G’ is of finite type,
this extension is p-cyclotomic, that is there is a p-power root of unity ¢ such
that kG’ = k(¢). In particular if the field k£ contains all p-power roots of unity,
then G is abelian. In that case the structure of G is well known — it is an
abelian group of symmetric type, that is of the form H x H where H is an
abelian p-group. On the other hand k must contain a primitive p-th root of
unity, because otherwise the degree of k*G"’ over k is not a power of p. So we
will assume k contains a primitive p*-root of unity (s > 1), but does not contain
a primitive p**!-root of unity.

We can now state our main result in case one.

THEOREM 1: Let k be a field. Let p be a prime. If p = 2 assume k contains
v/—1. Let s be the largest positive integer such that k O pp« (so s > 1 and
s>2ifp=2). If G is a p-group such that there is a class a € H%(G,k*) with
k®G a k-central division algebra, then one of the following occurs:

(1) G is abelian of symmetric type and exp(G) < p°.
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(2) There is an integer n > s such that G = H; X H, where Hy is the
semidirect product

Hi = Zp % Zpn =< m,0|7?" =0” =1and omo™! = a?"*+1 >
and H; is abelian of symmetric type and exp(Hs) < p®.
Here is the result in case two.

THEOREM 2: Let k be a field, k not containing /—1. If G is a 2-group such
that there is a class a € H*(G,k*) with k*G a k-central division algebra, then
one of the following occurs:

(1) G is an elementary abelian 2-group of symmetric type.

(2) There is an integer n such that G = H; x H,, where H, is the semidirect
product

Zon+1 W (Zan X Zy) given by generators and relations as follows:

H, =< 71',cr,r[7r2"+1 =0 =r*=1andor = o, rr =7 r >

and Hj is an elementary abelian 2-group of symmetric type.

Combining Theorems 1 and 2, we get the promised list of groups:

COROLLARY 3: Let p be a prime and let G be a p-group. If there is a field k
and a cocycle a € H%(G, k) such that k*G is a k-central division algebra, then
G = G; x Gy where G is one of the following groups:

(1) Abelian of symmetric type,

(2) Zyn % Zpn =< m,0|n?" = 0P =1andowo™! = 7P+ > wheren > s > 1
and s> 2ifp=2,

(3) Zon41 % (Zogn X Zo) =< m,0, 77> =02" =12 =1 and o7 = 130, 7771
=771 > wheren > 1,
and G, is abelian of symmetric type such that exp(Gz) < exp(G1)/|G}|.

3. Structure of the group in case one

In this section we will prove Theorem 1. We begin by recalling the notation and
set-up of the proof of Theorem 3 in [1].

Let G be a finite nonabelian p-group and « a cocycle class on G such that
D = k%G is a k-central division algebra. Since we are in case one, we are
assuming p is odd or p =2 and /—1 € k.

Consider the nonempty family

{H < G|H D> G’ and k*H/k is a p-cyclotomic field extension}.
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Let N be a maximal subgroup in this set and let |N| = p”. We have r > 1.
The subgroup N is normal with abelian quotient and by [1, Proposition 2.6]
the extension k®N/k is cyclic. Let K denote this extension (so Ky = k*N).
The field Ky is normalized by every grouplike element of D. The next result
([1, Theorem 2.1]) establishes a connection between the structure of G and p®
— the number of p-power roots of unity in k.

THEOREM 4: Let ¢ € G and u, € D of weight o. If u, centralizes K, then
the order of u, modulo Ky (equivalently, the order of ¢ modulo N) divides p®.

Let G/N = Zpni X Zpna X -+ X Zpnm . The group G maps onto the Galois
group Gal(Kx/k) (because the elements of the fixed field K commute with
every element in D). The group N is in the kernel of this map. It follows that
at least one cyclic component of G/N must map onto Gal(Kn /k). So we may
assume Z,»; maps onto Gal(Kn/k). It follows that n; = r + e for some e > 0.
The next lemma ([1, Lemma 2.2] is a consequence of Theorem 4.

LEMMA 5: Let G/N = Zjr4e X Zpnz X -+ X Zpnm and let p° be the number of
p-power roots of unity in k. Thene < s andn; <sforalli=2,...,m.

Let 0,79, 73,...,Tm be elements of G such that 7,72, 73, ...,7, generate the
cyclic components of G/N. Consider the subalgebra

Do=k*<N,19,73,...,Tm >

and let L denote its center. The element ¢ has order p"*¢ modulo the subgroup
< N,72,73,...,7Tm > and so if u, € D has weight o then the order of u, modulo
Df is also p™* €. Conjugation by u, preserves Dy and so also preserves L.

The following statements follow from Leminas 2.3-2.7 in [1].

e The action of u, on L induces an isomarphism of the cyclic group of order
p" ¢ generated by u, Dy with Gal(L/k).

o The field L is generated by grouplike elements, that is there is a subgroup
U of G such that L = k*U. The subgroup U is cyclic and normal in G.

¢ The element ¢ in G has order p"*¢ and so the subalgebra D; = k* < U,0 >
is a cyclic crossed product over k.

¢ The subgroup < U, > is normal in G.

Using the Factorization Lemma in [1] it now follows that the subalgebra
k* < U,o > can be factored from k*G. More precisely, there is a two-cocycle
B on G/ < U,o > such that

k*G 2 k* <U,0 > kG <U,0 > .
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Our first new result in this paper is an improved version of the factorization
lemma which will imply that not only the algebra, but the group G itself factors,
that is G =< U,0 > xG/ < U,0 >. The crucial fact, which we prove in the
next lemma, is that for each z € G, the action of z on k* < U, ¢ > is realizable
by an element of < U, o >.

LEMMA 6: For each z € G there is an element y €< U, o > such that the action
of z on k* < U,o > is the same as the action of y on k* < U,o >.

Proof: Recall that L = k*U is a cyclic extension of k of degree p"*¢ and U is
a cyclic group. Let 7 be a generator of U. Let u, and u, be elements of weight

o and T, respectively. Let h = org~ 17!

and let up = usuru;'u;l. Then
UsUrU; ! = Upty, 50 up, lies in L and is a primitive p"T¢-root of unity.

Now let z € G and let u, be an element of weight z. Let A = zo0z 1o~ ! and
let uy = u,u,u; u, ! € I, the commutator subgroup of the group of grouplike
elements of k*G. In the proof of Lemma 2.7 of [1] it was shown that A €< h >.
In particular uy € L.

Let Dy = k* < U,o >. The division algebra D; is generated as a k-algebra
by u, and u, and the subgroup < U, ¢ > is generated by 7 and . We need to
prove that conjugation by w, is realizable by conjugation by an element of the
form i ul, that is

uyduy ' = ulud d(ubul) !
for all d € D;. First, because conjugation by u, generates the Galois group of
L over k, there is an integer jo such that u,u,u;’ = ulou u;%°.

Secondly, we have u,u,u;! = uyu,. As we saw above uy € I". It follows
[5, Lemma of Chapter 2, section 9] that u) is a p-power root of unity. Because
A €< h > and uy is also a p-power root of unity, it follows that uy = u;io for
some integer 9. Hence

U U UL = Uy Uy = UNUy = UpUsu;
Thus v and u, act in same way on D;. [

Theorem 1 will now be a consequence of the next result, a version of the
factorization lemma of [1]. We will need the result more than once, so we state
it in suitable generality. If H is any normal subgroup of a group G, then the
action of G on k*G preserves the subalgebra k% H. If k% H is simple with center
k, then this action is necessarily inner (but not necessarily given by the action
of an element of H).
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THEOREM 7: Let k*G be a twisted group division algebra with center k and let
H be a normal subgroup of G such that the subalgebra k®H is k-central. Sup-
pose for all z € G, there is an element h € H such that the action of z on k*H is
the same as the action of h on k*H. Let E = {0 € G| o acts trivially on k*H}.
Then we have the following:

(1) G=HEand HNE=1,50G= HXE.

(2) The subalgebra k*E has center k and k®G is canonically isomorphic to
k*H @ k*E.

Proof: (1) We have HN E = 1 because the center of k*H is k. Now let z € G.
By our assumption there is an element h € H such that the action of z on k*H
is the same as the action of h. But then h~'2 € E, so z € HE.

(2) By the definition of E, the subalgebra k*E centralizes the subalgebra
k*H. Because G = HE, we have k*G = (k*H)(k®E). Therefore, there is a
canonical homomorphism from k*H ®y k*E onto k*G. By dimension count
this map is an isomorphism. It follows that the center of k%F is k. |

COROLLARY 8: Let G,U, o be as described above. Let
E = {v € G| « acts trivially on k* < U,0 >}.

Then G is canonically isomorphic to < U,o > xE. Moreover, k*E is k-central
and k®G is canonically isomorphic to k* < U,0 > @1 k*E.

We want to arrange things so that the subgroup FE of the corollary is abelian.
To do that we need to be more careful about our choice of generators for the
cyclic components of G/N.

LEMMA 9: Let G and N be as described above. There exist elements
0,T2,T3,...,Tm in G such that:

(I)G/INZLT>X<KT > X<T> XX <Tpy >.

(2) The action of o on Ky generates the Galois group Gal(Ky [k).

(3) For all 7 the action of 7; on Ky does not generate Gal(Ky [k).

Proof: As observed after Theorem 4, one of the components of G/N must map
onto Gal(Ky /k) and so must have order at least p”. We can therefore choose
an element, o such that < @ > is a cyclic component of G/N, the action of o
on Ky generates the Galois group, and such that the order of 7 in G/N is as
small as possible. With that choice of ¢ let 75,73, ...,7n € G be chosen so that
GIN 2<T>X<T>x<T3> X %X <Tp > Suppose for some ¢ the
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action of 7, also generates Gal{Kn/k). Then there is a positive integer ¢ such
that «y; = o°7; acts trivially on K. Since the order of 7 is less than or equal
to the order of 7, it follows that 7; and 7; have the same order. Moreover, if
we replace 7; by v; and keep the remaining generators, we still obtain a cyclic
decomposition of G/N. By continuing in this way for every 7; such that the
action generates the Galois group of Ky, we obtain a set of generators of the
desired kind. ]

We now repeat the constructions following Lemma 5 with this special set of
generators. In particular, we have the cyclic normal subgroup U such that L =
k®U. By Corollary 8 we have G 2< U,0 > XE and k*G 2 k* < U,0 > Qk*E.

ProrosITION 10: With the choice of generators as in the previous lemma, the
subgroup E is abelian.

Proof:  We first claim that G' NU # {1}. We have G’ C N and N is cyclic.
Let H be the unigue subgroup of order pin N. Then H C G'. By our choice of
generators the action of no 7; generates the Galois group of Ky = k*N. In other
words, for all ¢, the action of 7; lies in the subgroup of Gal(Ky /k) generated by
the action of oP. It follows that for all 7, the action of 7; fixes elementwise the
subfield k“H. Hence k*H lies in the center of the algebra k* < N, 7a,..., 7y >.
But this center is L = k*U, so H C U and G'NU # {1}. This proves the claim.

Now suppose F is not abelian. Then k*E’' # k is a p-cyclotomic subfield
of k*E. Because k*G = k* < U,0 > ®k®E we see that k*(G' NU) @ k*E’
is a subfield of £*G. But £*(G’ N U) is also p-cyclotomic and by the claim
k*(G'NU) # k. Hence each of the fields k*(G'NU) and k*E’ contains a primitive
p**tlroot of unity and so their tensor product is not a field, a contradiction. It
follows that E is abelian. |

We can now finish the proof of Theorem 1. Using the special generators we
have G 2< U,0 > xFE and E is abelian. Because k®FE is a k-central division
algebra, the group FE is of symmetric type ([1, Theorem 1.1]) and k*E is a tensor
product of symbol algebras. Because k does not contain a primitive p**!-root
of unity, the symbol algebras have degree dividing p® and so the exponent of E
is bounded by p°.

Finally, we analyze < U,0 >. Let n = r + e, so the order of U is p*. As
before we let m be a generator of U and choose elements u, and u, of weights
o and 7 respectively. Let h = omo~'7~! and let up, = uyuru; u;t. Because
h € U, there is an element z € k* and an integer m such that up, = zu?*. Hence

UeUnrUs L = Uptty = zu™t!, and so oro~t = 7™, It follows that < #™ > is
o kig
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the commutator subgroup of < U,o >. Let m = ¢p*, where c is prime to p and
1<t<n.

We claim that £ = s: Recall that u;, = ( is a primitive p"-root of unity.
Because u?” € kX, we have (u?')?" ™" = z=2"""¢?"™" € k* and therefore t < s.
On the other hand ¢*"™" € k*, hence (u2')?"™" € k*. Therefore ¢ > s. This
proves the claim.

n—t

In summary, < U,o > is generated by ¢ and 7 and ono~! = 7P +1. It now
follows easily that < U, o > is isomorphic to the semidirect product:

Zpn X Zpn =< 7,077 =0 =landomo™ ' =77 T > .

This finishes the proof of Theorem 1. |

4. Structure of the group in case two

In this section we prove Theorem 2. Let k be a field not containing +/—1.
Let G be a 2-group and a a cocycle on G such that D = k®G is a k-central
division algebra. The discussion at the beginning of section three still applies. In
particular, G’ is cyclic and k*G’ is a 2-cyclotomic extension of k. If § generates
G’, then there is an element ug in kG’ of weight # such that uLGIl = -1
As before we let N be a subgroup of G maximal subject to the properties:
N contains G’ and Ky = k®*N is a 2-cyclotomic extension of k. Let |[N| =
21 r > 0. Then N is normal in G and Ky /k is a Galois extension. Unlike
the case where p is odd, in the present case the Galois group of Ky /k may be
noncyclic. In general, Gal(Kn/k) = Zy- x Zs which is cyclic precisely when
r=0.

The canonical homomorphism from G to the group of k-algebra automor-
phisms of k*G induces a surjective homomorphism n: G/N — Gal(Ky/k).
Let G/N & Zssy X Zgsz X -+ X Zgs;. There must be two components, say
Zger X Zgsz, such that 9{Zgs1 X Zgs2) = Gal(Kyn/k). Of course if r = 0 only
one component is needed. We may assume that s; > r and s3 > 1, so that
G/N = Zgrse X Zyr+s X Zgsr X -+ X Zosm wWheree, f >0,m >0,s; > 1. By [1,
Proposition 3.2], e, f <1 and s; = 1 for all . Moreover, by [1, Lemma 3.3], we
can choose generators @, 7,77, . . . , Tm such that

GINEZCT>XKTO>X <> XX < Fm >

and such that for all 4, -y; centralizes K.
For each i let u,, € k*G be an element of weight ;. Because for all 1, u?ﬁ €
Ky and «; acts trivially on Ky, we must have the multiplicative commutator
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(ty;yuy;) = %1 for all ¢, 7. In particular, v; and y; commute for all ¢,j. Our
first new step is to rewrite the generators @,7,71,...,%m so that for each 1,
(t+;,uy;) = 1 for all but at most one j.

LEMMA 11: There are elements 7i,¥2,...,Ym in G such that G/N <
Zorte X Zores X Lo X -+ X L 2T >XLKT>X KA > X+ X < ¥, > and
such that either u.,,u., commute for all i,j, or (U, %y,) = —1 and u,,, Uy,
commute with all u,; for j > 2.

Proof: 1f there exist i, j such that u,, and u,; do not commute, we set, without
loss of generality, ¢ = 1 and j = 2. Now let 3 <t < m. If (u,,,u,,) = —1 we
let v = vy2. Then (uq,,%y) = (Uy,,uqyu,,) = 1. If, on the other hand,
(Uy,,ue,) = 1, we let 4, = ;. Next, if (uq,,u,,) = —1, we set 7' = yjm.
Otherwise we set vy’ = 7;. Then (u,,,uy) = (uq,,u4) = 1. Replacing v; by
7, results in another complete set of cyclic generators for G/N and the v;' acts
trivially on K. Continuing this process will create a set of generators of the
desired type. n

ProrosITION 12: There exist v1, 72, ..., ¥m in G such that

G/NEZ2r+e X Z21+f X Z2-°1 X oo XZme
SBLIO>XLKTO>X P> X X < Fppy >

and such that (U, _,,Uy, ) = £1 for allt, 2 < 2t < m and all other commutators

between u,’s are trivial. In particular, if m is odd, then u.,, commutes with
U, for all 1.

Proof: By induction. 1

Remark: In the special case r = 0, we will adopt the following notation: we will
write G/N = Zyi4g X Zooy X+ X Zgam ZLT > X <F1 > X -+ X < Fpp >, where
m 20,9 > 0,s; £1. Asin the general case ¢ < 1 and s; = 1 for all i. Moreover,
we may assume that 71, ..., vn, satisfy the conditions of Proposition 12.

Now consider the division algebra Dy = k* < N,v1,...,9m >. Let L denote
its center. We have L O K. The group G acts on Dy, hence on L, and this
induces an action of G/ < N,v1,...,Ym > Zor+e X Zo1+¢ on L. Furthermore,
LCG/<N:mm> = [k because k is the center of k°G.

Let uy, u, be elements of weight o, 7, respectively. Let B be the subalgebra
of k*G generated by L, u,,u,. As in the previous section we would like to show
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that for each z € GG there is a grouplike element y in B such that the action of z
on B is given by conjugation by y. Unfortunately, this is not always true. There
are two ideas which overcome this problem. The first, which is used in the cases
where |[N| = 2 or N = Z; x Zy, is to enlarge the subalgebra by adjoining a
suitable pair {u;, %+,,,} to it. The second idea, which works in the remaining
cases, is to change the subalgebra by changing the generators ¢ and 7. In each
case we will show that the action of G on the new subalgebra is indeed given
by conjugation by grouplike elements in the subalgebra itself.

CASE (1.1): r=0,g=0. Then N = G’ has order 2. Let = be a generator of
N. Then u2 = —1. Computing dimensions, we have dim(D/k) = |G| = 2™*2.
Because the dimension of D over k is a square, we see that m, the number of
~’s, is even. Because we assume G is not abelian, we have m > 2.

We claim (Unqy;_;,Uy,;) = —1 for all 1 < j <m/2. If not, by Proposition 12,
U, Unyy;_y, Uny; € L. Hence dim(L/k) > 23, but G/ < N,7y1,...,¥m >, which is
of order 2, maps onto Gal(L/k), a contradiction. This proves the claim.

We want to summarize the current situation. We will then use only these
facts to complete the argument. This will be useful in case 2.1.1 because we will
reduce that case to the case we are now considering. At this point we have the
following situation: The commutator subgroup G’ has order 2. If 7 is a generator
of G’ then we may choose an element u, of weight = such that u?, = —1. The
group < u, > acts as the Galois group of k(ur) over k and so k < ur,u, > is a
crossed-product algebra with center k. The number of 4’s (cyclic generators for
G/ < m,0 >) is even and chosen so that for all 4, the element ~; acts trivially on
k(ur) and u2, € k(uy). Furthermore, (ty,;_,,ty,;) = =1 for all 1 < j < m/2
and (u,,u,,) = 1 for any other choice of indices. We will proceed using only
these facts.

We claim we can rewrite the cyclic generators ¥y, ...,¥m so that (o,m) ==
and (0,7;) = 1 for all § > 1. First we observe that (o,v;) = 7 for some i,
because (v;,v) = (v;,7) = (o,m) = 1 for all 1 < j,t < m. So by possibly
reordering the generators, we may assume (o,7v;) = #. Next, suppose for some
j > 3 we have (0,7;) = 7 (we will deal with j = 2 at the end). Then we may
assume, without loss of generality, that j is odd. Then (u,;,u,;,,) = —1. Let
7; = 7m. Then we obtain (0,7;) = 1. But now (u,,;,,u,yz) = —1 and, if we
set v = Y2¥j41, then (uﬁ_,u%) = 1. If we replace 72 by 73 and 7; by 7;, then
the new elements v1,72,73,---,7},- - -»¥m still give a cyclic decomposition and
still satisfy Proposition 12. We repeat this process for all v;, j > 2 that do
not commute with o. So starting over we may assume the generators v1,...,vm
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satisfy (o,v1) = 7 and (0,7;) = 1 for all j > 2. Finally, if (0, v2) = 7, we replace
Y2 by 75 = 721 to get (o,73) = 1. The new set of generators vi,75,¥s,- -, ¥m
has the desired properties. |

Now consider the subalgebra Dy = k* < 7, 0,71, 72 >. We want to show that
D, is a crossed-product algebra with center k. Let u, uy, Uy, , U, be elements
of weights 7, 0,v1,7v2 respectively. Let T = k* < 7,71 >= k(ur,u,,). Because
71 acts trivially on Ky = k(u,), the subalgebra T is a field, and because
< 7w >= (', this field is a Galois extension of k. Recall that (uy,,u,,) = -1
and v, € Ky = k(uy). Thus u} € k, but u2, & k, because (0,71) = 7 # 1.
Hence u2, = cu, for some ¢ € k*. It follows that T'/k has degree 4 and the
Galois group of T'/k is Zy x Z, ([1, Proposition 2.6]).

We claim that < 0,2 > is isomorphic to Zy x Z5 and that the action of this
group on T is the Galois action. It will follow that D; is a crossed-product
algebra with center k. The element ¢ acts on T’ and s0 u,u,,u,; ! = zu,,, for
some = € k(u,). Hence usu?

Y1
so x = *u,. Replacing ¢ by o2 if necessary we may assume z = u,. Thus

uy' = z?u? . It follows that —cu, = zcur and

conjugation by u, and u,, induces the Galois action on k(u,,) = k(tr, uy, ):

-1 _ — 1,3
Ugly Uy = Urlly; =C U,

u’quWlu;zl = Uy

Moreover, u2 € k(u,) and ¢ induces the Galois action on k(ur), so u2 € k.
Also 73 € N,so u2, € k(ur) and ul, € k. Since (0,72) = 1 it follows easily that
u% € k. Hence o and 72 have order 2 and we have proved the claim.

We want to apply the factorization theorem, Theorem 7, to the subgroup
H =< 7,0,7,7 >. It only remains to show that every z € G acts on D; as
a grouplike element of D;. It is sufficient to check this for z € {vs,...,vm}.
So let z = +;, with i > 2. Because (0, z) = 1, it follows that u,u,u;! = tu,.
Moreover, u, centralizes tr,u+,,and u.,, so the action of z on D; is the same as
the action of either the identity or u,. Thus the factorization theorem applies
and we get G =< m,0,71,72 > XE where E = Z; X --- X Zy, an elementary
abelian 2-group of order 2™2. Moreover, it is clear that < 7,0,71,72 > is the
semidirect product given in the statement of Theorem 2.

CASE (1.2): r = 0,9 = 1. Then |Zyi4+4] = 4. We will show that this case is
not possible. We have:

4=|G/ < N,v,...,7m >|>dim(L/k) > dim(Ky/k) = 2.
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Hence dim(L/k) = 2 or 4. Suppose dim(L/k) = 2. If z € G maps to the
unique element of order 2 in Zyi+s, then 2z acts trivially on L. Let u, be
an element of weight z. By the Skolem—Noether theorem there is an element
z € Dy such that 2~ 1u, centralizes Dy. Now let L; denote the center of the
subalgebra D; = k* < N,91,...,%m,2 >. Then L; D L and L; > 27 u,, so
dim(Ly/k) > 4. But L/ N> = pand |G/ < Nyya, ooy o2 > | = 2,
so dim(Ly /k) = 2, a contradiction.

Now suppose dim(L/k) = 4. By [1, Proposition 2.6] the Galois group of L
over k is Zy x Zy. But by its choice the component Z4 = Zs1+, maps onto
Gal(L/k), a contradiction.

CASE (21) r> 0 and |Z21‘+e X Z21+f| = 2T+1. We ha.Ve
2 = |G/ < N,y1y- ey ¥m > | > dim(L/k) > dim(Ky /k) = 2711

Hence L = K. In this case the dimension of D over k is 2°7+2t™ so m is
even. We claim that N is either cyclic or Zs x Z3. Suppose N is not isomorphic
to Zy x Zg. If N is also not cyclic then N contains a subgroup isomorphic
to either Zs x Zy or Zao X Zo X Zy. If N contains a subgroup isomorphic to
Zo X Zg X Zs, then L = Kx will contain three quadratic extensions no one of
which is contained in the field generated by the other two. It follows that the
Galois group of L/K maps onto Zy X Zy X Zs, a contradiction. If N contains
Zy X Zy, then L contains a subfield F' = k“Z,, which by [1, Proposition 2.6]
is Galois over k with Gal(F/k) = Z3 x Z2. But L will also contain k*Z, from
the other factor of N and this quadratic extension will not be a subfield of F.
Again it follows that the Galois group of L over k maps onto Zs X Zs X Z3, a
contradiction. This proves the claim.

CASE (2.1.1): N = Z; x Z;. We want to reduce this case to case (1.1). Let
N =< 7y, m2 > and let G’ =< m; >. Then we may choose a grouplike element
Uy, of weight m; such that ufrl = —1. The group < u,,u, > acts as the Galois
group on K. By possibly changing the generators 3, 7of G/ < N,y1,...,¥m >,
we may assume the action is as follows:

-1 _ -1 _
UeUm Uy = —Ugy, Urlp U, = Up,

and

-1 _ -1 _
UgUmp Uy = Upys  Uplgy WS = —Up,.

Now rename m = 71, Ym4+1 = T, and Y42 = 7. We claim that with this
notation we are (after a possible alteration of the +;’s as described in (2) below)
in the situation of case (1.1). We need to show several things:
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(1) 02 = 1: We have u2 € Ky, hence u% € (Kn)7 = k(ur,). If u2 ¢ k, then
uruiurl = —u2. But uyusu;?!

z? € k, so o(x) = £z. Then

= zu, for some z € Kg = k(uyr, ). Note that

2 2

—u? = u,uiut = (wu,)?

= zo(z)ul.
If z € k, then zo(2) = 22 = —1, a contradiction because by assumption /—1 ¢
k. If z ¢ k, then zo(z) = —2? = —1, a contradiciton because k%G is a division
algebra. Hence u2 € k, so 02 = 1.

It follows that k% < 71,0 > is a crossed product subalgebra of k*G normalized
by G.

(2) We can select 7;, for 1 < ¢ < m so that u, commutes with u,,: Let
1 <i < m. There is an element = € k(uy,) such that u,u,,u;! = zu,,. Then

x? € k and, since ; acts trivially on K, we have

2

_ 2
Uy = UpUy U

- :xzu"/i‘

Hence z? = 1. If z = 1, then (u,,u,,) = 1. If z = —1 we may replace 7; by
Y; = vim2 to get (ur,u,) = 1. Because u,, commutes with ur,, the new 7;’s
still satisfy the conditions of Proposition 12, that is (ty,, _,,u+, ) = £1 for all
t, 2 <2t < m and all other commutators between u,’s are trivial.

(3) We have (ur,uy,) = (Ur,,uy,) =1 forall 1 <i < m and (ur,ur,) = —1.
Furthermore, (47, Ur,) = (Ury, ur,) = L and u2_,u2 € k(ur,). These statements
are clear.

So now if we rename # = w1, Ype1 = T, and Ypm42 = T, we have the
conditions of case (1.1) and can complete the argument as in that case.

CASE (2.1.2): The group N is cyclic. Let © denote a generator of N. Then
7 has order 2"+1. The subgroup < 7,0, 7 > is normal in G and the subalgebra
k* < m, 0,7 > is a crossed product algebra (L, Gal(L/k).

Now let z € {7v1,...,7m}, say z = 7;. Let u, be an element of weight z. We
have u2 € Ky, hence u? = au’, where a € k* and t is an integer. We claim
t is even. If not, then < z > is a normal cyclic subgroup of G of order 272
But k(u;)/k is an abelian field extension with Galois group Zy-+1 x Zo, by [1,
Proposition 2.6]. It follows that G/ < z >= G/ < m,z > maps onto Zyr+1 X Zs.
But G/ < m,z2 > Zor X Zgy X -+ X Zg, a contradiction. This proves the claim.
Hence we can write u? = au?® for some integer s, and so 22 = 72°. Replacing »
by z7~° we may assume z has order 2 in G. Repeating this argument for all ¢,
we get a new set of generators for G/ < 7, 0,7 > which are of order two in G,
rather than in G/N.
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By the argument of case (1.1), we see that (u,,_,,u,,;) =—1forall1<j <

m/2. It follows that there exists w = <y;11 such that (u,,u,) = —1. Because
2z has order 2, we have u,u,u;' = zu,, where z = 1. If z = 1 then u, acts
trivially on u,. If £ = —1 we let ¢/ = ow and let uyr = usuy. Then it follows

that w,usu;! = u, . Similarly, we can adjust 7 to 7’ so that wyuu;! = u,.
So we now have the following:

1 <o, T 7T, T >=< T, T T, -y T >

2. < o', > acts as the Galois group of L.

3. u, acts trivially on k(uyr, urr, ur).

4. The action of u,, for j # ¢ is unaffected, that is u,,juglu;] = Uy, Ul %1
and Uy,

Continuing in this way for each element of {~,...,vm}, we can obtain new

1 ~1
= Uy Ur U

elements o, 7 generating the Galois group of L/k such that for every 4, the
element +; acts trivially on k* < m,0,7 >. In particular, we now have that
G decomposes into the direct product < m,0,7 > X < 71,...,7m > and that
< Y1,...,7m > is an elementary abelian 2-group. To finish the theorem in this
case we need to identify the group < m,0,7 >.

Recall that < @,7 > is isomorphic to the Galois group of k(u,) over k.
Because u is a primitive 2" T2-root of unity, we can compute this Galois group
explicitly: it is generated by automorphisms ¢ and ¥ where ¢(u,) = u3 and
¥{uy) = u;'. The automorphims ¢ has order 2" and 9 has order 2. Hence by

1

possibly changing the generators o and 7, we may assume that oro~! = 7 and

ror~! = 1. This change will not affect the properties listed in the previous
paragraph. In particular, we know that 02 € N and 72 € N. We claim that
in fact ¢ has order 2" and 7 has order 2 in G. If so, we will have the desired
decomposition of G. Recall that Ky = L. It follows that u?" € L?. If u? ¢ k,
then 42 = au? for some a € k*, because otherwise u, would generate a

field extension of k of degree > 2712, Which is impossible Hence u, commutes

T 7
=l s0 upu? u;! = (u2')® = —u?’, because u2

primitive 4-th root of unity. Therefore u?

with u2". But u,u u;' = ud is a
€ k, s0 o has order 2" in (. A similar
argument shows 7 has order 2. This proves the claim and we have finished this

case.

CASE (2.2): 7 > 0 and |Zgrte X Zgrys| = 2712, Tt follows that either e = 1,
f=00ore=0,f=1. We have:

22 = |G/ < N,m,. ., ¥m > | > dim(L/k) > dim(Ky /k) = 2.

Hence dim(L/k) = 27! or 27+2. We will show the first case is not possible. If
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dim(L/k) = 27*!, we argue as in case (1.2): There is an element z € G that
maps to either the unique element of order 2 in Z-+1 (when e = 1) or to the
unique element of order 2 in Z,1+s (when f = 1). Then z acts trivially on L.
Let u, be an element of weight z. By the Skolem-Noether theorem there is an
element x € Dy such that £~ 1u, centralizes Dy. Now let L; denote the center of
the subalgebra D; = k* < N,71,...,%m,2 >. Then L; D L and L; 3 v~ u,, so
dim(L; /k) > 272, But L&/ <N = pand |G/ < Nyvay -y Ymez > |
=27+ 50 dim(L; /k) = 2"*1, a contradiction.

Hence dim(L/k) = 272 and G/ < N,7,...,%m > is isomorphic to the
Galois group of L/k. The dimension of D over k is 227+3+™ g0 m is odd. By
Proposition 12, if u,,, has weight 7,,, then u,, centralizes Dy. It follows that
L = Kn(uy,,). Let U =< N,v, >. The group U is cyclic: If not, then just as
at the beginning of case (2.1) one can show that the Gal(L/k) = Zorye X Zor+s
maps onto Zy X Za X Zs, a contradiction. This case now follows the pattern
of case (2.1.2) (where U plays the role of the group N of that case) and so we
will merely outline the argument. Let 7 be a generator of U, so 7 has order
27+2. We have G/ < m,0,7 >=< 71,...,¥m—1 >. The subgroup < m,0,7 >
is normal in G and the subalgebra k% < 7,0,7 > is a crossed product algebra
(L,Gal(L/k)).

Now let z € {v1,...,Ym—1}, say z = ;. Let u, be an element of weight z.
We have u2 € Ky, hence u2 = au!, where a € k* and ¢ is an integer. Because
u? generates Ky over k, the integer ¢ is even. Hence we can write u2 = au?*
for some integer s, and so 2% = 7%°. Replacing z by 27~° we may assume z has
order 2 in G. Repeating this argument for all ¢, we get a new set of generators

for G/ < m,0,7 > which are of order two in G, rather than in G/N.

The argument of case (2.1.2) now shows that just as in that case we can,
by suitably adjusting o and 7, assume that for every i, the element v; acts
trivially on £ < m,0,7 >. In particular, we have that G decomposes into the
direct product < 7, 0,7 > X < Y1,...,Ym—1 > and that < v1,...,Ym-1 > is
an elementary abelian 2-group. We are left with the computation of the group
< m,0,7 >. Because the order of 7 is 2712, we can write uffﬂ = b, for some
b € k*. The polynomial 22" — b is irreducible over k and, because v/—1 ¢ k,
by a theorem of Schinzel [4, Theorem 2], there is an element ¢ € k*, such that

b2 =c2"" I b=c?"", then 22" — b is reducible, so we have b = —c2 " and
uiﬂrz = -, 1t is now straightforward to verify that the Galois group of

k(ur) over k is generated by automorphisms ¢ and ¥ where ¢(u,) = u /c and
P{ur) = cut. Moreover, ¢ has order 27+! and ¢ has order 2. We may assume
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that o acts on k(u,) as ¢ and T acts as 9. In particular, we have omg~! = 7°

! = 7=l We are left with computing the orders of ¢ and 7. For o,

and 77T~
note that the order of u, modulo Ky C L is 2" and so u?" = aul. for some
a€k*and 0<i<2 . Clearly u2 € L°, s0 aul = ugauiul? = a(ud /o).
Hence u2 = ¢* € k*. It follows that i = 0 or ¢ = 271, If ; = 2"F! then
w2 = " a contradiction. Hence ¢ = 0 and so o has order 2+!. The

argument for 7 is similar. We thus have the desired presentation of G.

Case (2.3): r > 0 and | Zyrte X Zg145| = 2773, In this case e = f = 1. This
is impossible by the discussion of Case (2) of [1].
This completes the proof of Theorem 2.

5. Decomposition into cyclic algebras

In this section we prove the following result:

THEOREM 13: Let G be a 2-group and let k be a field not containing /—1.
If D = k*G is a k-central division algebra, then D is isomorphic to a tensor
product of cyclic algebras.

Proof: By [1, Theorem 4], either D is a tensor product of quaternion algebras
or D 2 Dy®: - ®D,, where D1, D,,...,D,_1 are quaternion algebras and
D,, = k*(Zgr+1 ¥ (Zor x Z2)). We will in fact show that D, is isomorphic to a
tensor product of two cyclic algebras, one of which is quaternion. We consider
two cases:

CaSE 1: r = 1. In this case, D, is precisely the algebra denoted D, in case

(1.1) of section 4. We will use the notation of that case. We have D; = k“H,
where H = Z4 % (Zs x Z2) =< y,72,0/7t = 72 = 62 = 1 and oo™ ! =
¥ venvs 1 = 4{ > and the cocycle « is defined by

4 2 1 _ 1,3

Uy, = =€ Uoly Uy =C UL,

1 _
Y1 U"Y2 U"Yl U -

2 Uy

and

for some ¢, s,t in k. The commutator (u,,u,,) must be a 2-power root of unity
and u?,z =t €k, so we also get (uy,uy,) = £1. We may set gy, = Ugly,.

2ust = (uouquyt)? = ¢ ?ul = —u? . Tt follows
that the &-subalgebra B generated by c‘lugn and u, is the quaternion algebra

(—1,s). But then D,, 2 B ® Cp,(B) where Cp, (B) is the centralizer of B

Now we compute u,u
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in D,,. By dimension count Cp, (B) is another quaternion algebra and we are
done in this case.

CASE 2: r > 1. We are now in the situation of case (2.2) of section 4 (where
the r of that case is replaced by r — 1). Using the notation of that case, we can
present our group as

H = Z21‘+1 X (Zgr X ZQ))

r41 E — — —
=<mo,rlr? =¢® =7 =1landorc ! =ndrar l=q"1>.
b b Y

The cocycle is given by the relations

2ntl o7 -1 _ —1,3 -1 _ ..—1
Uy, = —C°, UsglgU, =C Uy, UsloU; = CU,

and

or 2
u, =58, uyr==t (Ugu;)=%1, usu, =uy,

for some ¢, s,t in k.

Now consider the subfield L = k{u,)". It is a Galois extension with Galois
group isomorphic to the cyclic subgroup generated by o. The element u, acts on
L by conjugation and this action is the Galois action because L7 = LH/<m7> C
Z(K“H) = k. It follows that the subalgebra generated by L and u, is the cyclic
crossed product algebra B = (L, 0, s). We can decompose D, = B®&Cp_ (B) as
before. Once again, by dimension count the centralizer Cp_ (B) is a quaternion
algebra, so D,, is a product of cyclics. |

Adding this result to [1, Theorems 3 and 4] we obtain the following corollary.

COROLLARY 14: If G is a finite group and D = k*G is a k-central division
algebra, then D is isomorphic to a tensor product of cyclic algebras.
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