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ABSTRACT 

Let k be a field. For each finite group G and two-cocyle f in Z2(G,k x) 
(with trivial action), one can form the twisted group algebra k.fG = 
( ~ e G k x ~  where x~x~ = f(a,~r)x~ for all a,T E G. Our main result 
is a short list of p-groups containing all the p-groups G for which there 

is a field k and a cocycle such that  the resulting twisted group algebra 

is a k-central division algebra. We also complete the proof (presented in 

all but one case in a previous paper by Aljadeff and Halle) that every 

k-central division algebra that is a twisted group algebra is isomorphic to 

a tensor product of cyclic algebras. 
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1. I n t r o d u c t i o n  

Let k be a field. For each finite group G and two-cocyle f in Z2(G, k x) (with 

trivial action), one can form the twisted group algebra kfG = ( ~ c a  kxo where 

x~x~ = f(a,  ~-)x~ for all a, ~- E G. The resulting k-algebra depends (up to k- 

isomorphism) only on the class a (say) of f in H2(G, kX), and so we denote the 

algebra kaG. One can characterize twisted group algebras in a more elementary 

way: They are precisely the k-algebras that  possess a "projective" basis, that  

is a basis {al ,a2, . . .  ,an} such that  for every pair i , j  there is an rn such that  

aiaj = kijam for some kij E k x. 

If a is trivial then k~G is the group algebra of G over k, which is semisimple 

if the characteristic of k does not divide IGI, but not simple if G is not trivial. 

If c~ is not trivial, however, the algebra k~G may be simple. For example if 

k contains w, a primitive n-th root of unity, and a,b c k x, then the symbol 

algebra (a, b)~ (that is, the k-algebra generated by two elements x, y subject to 

x n = a, yn = b, and yx = wxy) is a k-central simple algebra and the elements 

xiy j, for 0 _< i , j  < n - 1 form a projective basis and so (a,b)~ ~- k~(Zn x Zn) 
for some cocycle c~, where Zn denotes the cyclic group of order n. 

In this paper we continue the investigation, begun in [1], of those twisted 

group algebras over a field k that  are in fact k-central division algebras. Our 

main result is a short list of p-groups containing all the p-groups G for which 

there is a field k and a cocycle c~ such that  k~G is a k-central division algebra. 

In a subsequent paper the third author will prove, among other things, that  the 

groups that  can occur (proved to be nilpotent in [1]) are precisely the products of 

the groups on this list and so the classification of such groups will be complete. 

In [1] it was shown that  if kaG is a k-central division algebra, then kaG is 

isomorphic to a tensor product of cyclic algebras, except possibly in the case 

where G is a 2-group and k does not contain v/-AL In the last section of this 

paper we remove that  exception, and hence show that  every k-central division 

algebra of the form k~G is a tensor product of cyclics. 

One of the motivations for this study comes from the theory of group repre- 

sentations. To describe this we will let k = C and F a finite group. It is well 

known that  if r F --+ GL(V) is an irreducible representation, then the degree 

of the representation, that  is the dimension of the vector space V over C, is 

not greater than the square root of IF : Z(F)], where Z(F) denotes the center 

of F. The group F is said to be of c e n t r a l  t y p e  if it admits an irreducible 

representation of degree equal to the square root of IF : Z(F)]. For example, the 

dihedral group of order 8 admits an irreducible representation of degree 2 and 
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so is of central type. Using the classification of finite simple groups, Howlett 

and Isaacs proved tha t  if F is of central type then it is solvable ([3, Theorem 

7.3]). 

Now recall that  a p r o j e c t i v e  r e p r e s e n t a t i o n  of a group G is a function 

0: G ~ GL(V) such that  its composition with the canonical projection from 

GL(V) to PGL(V) is a group homomorphism. Given a projective representation 

0, the map  f :  G • G --+ C given by f(a, v) = r -1 ) is a two-cocycle 

and so represents a class a in H 2 (G, C • ). This map endows V with the structure 

of C a G-module. 

Now assume we have a group F such that  F/Z ~- G, where Z is the center 

of F. The group extension 1 --+ Z -+ F --+ G -+ 1 gives rise to a two-cocycle 

g: G • G --+ Z. If r F --+ GL(V) is an irreducible representation, then it induces 

a projective representation of G = F/Z and so V becomes a module for C~G, 
where a is the cocycle class arising from the two-cocycle r o g. In particular, if 

the dimension of V is the square root of IF : Z] = IG[, then the algebra C~G 
is isomorphic to Mn(C) where n is the order of G. Thus if F is of central type, 

then the algebra C a G is a central simple C-algebra, for some cocycle class a.  

By abuse of language, we also call such groups G central type, tha t  is groups 

G for which there is a cocycle a with Ca G central simple over C (and hence 

isomorphic to Mn(C)). In fact one can show tha t  a group G is of central type 

in this new sense if and only if G is isomorphic to a quotient F /Z (F )  where F is 

of central type in the classical sense. Note tha t  the result of Howlett and Isaacs 

holds for groups of central type in this new sense. 

Returning to our original setting of a twisted group algebra k~G, we see that  

if k~G is k-central division algebra (or more generally k-central simple), and k 

is a subfield of the complex numbers, then G is a group of central type. It  is 

therefore natural  to examine such algebras. 

2. M a i n  resu l t s  

Let G be a finite group and c~ a cocycle class on G. If A = kaG = (~ kx~ is 

the twisted group algebra, we let F denote the subgroup of A • generated by 

{x~]a E G} and k • The group F spans A as a vector space over k. We will 

often write A = k(F). We have F/k • ~ G and we will denote this map by 7r. 

We will refer to the elements of F as the g r o u p l i k e  elements of A and if u in 

F maps to a in G, then we say the w e i g h t  of u is a. For each element a in G 

conjugation by u~ (an element of weight a) is a k-algebra automorphism of A 

and this automorphism is independent of which grouplike element of weight a is 
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used. This results in a group homomorphism from G to the group of k-algebra 

automorphisms of A. 

The group F is center-by-finite, so by a theorem of Schur ([5, Theorem 

9.8, Chapter  2]), its commuta tor  subgroup F' is finite. I t  is easy to see tha t  

kXFI /k  x ~- G'. It  follows tha t  k(F ~) is a subalgebra of A isomorphic to the 

twisted group algebra kaG t. Because F ~ is finite there is a representative f of 

which takes finite values on G ~, tha t  is for all a, r E G ~, f (a ,  T) ~ # C_ k x , 

where # denotes the group of roots of unity in k. Moreover, by ([5, Lemma of 

Chapter  2, section 9]), if G is a p-group, then the values of f on G ~ are p-power 

roots of unity. We say that  a cohomology class is of f in i te  t y p e  if it can be 

represented by a two cocycle which takes finite values in k. 

Now assume k~G is a k-central division algebra. By [1, Theorems 1 and 2] 

the commuta tor  subgroup G'  is cyclic. Moreover, G is nilpotent and k~G is 

isomorphic to k ~1 P1 | k ~2 P2 |  | k am Pro, where P1, P2, �9 �9 �9 Pm are the Sylow 

p-subgroups of G and ai  is the restriction of a to Pi. From here on we will 

consider the case where G is a p-group. 

As in [1] the analysis breaks up naturally into two different cases, having to 

do with the prime 2. We will distinguish these cases as follows. In case one 

either the prime p is odd or p = 2 and k contains x/%-i. In case two we assume 

p = 2 and k does not contain x/%-l. 

Now assume we are in case one. Let G be a p-group and (~ a cocycle such 

that  D = kaG is a k-central division algebra. Because G ~ is cyclic the algebra 

kaG ~ is a field extension and because the restriction of a to G'  is of finite type, 

this extension is p-cyclotomic, that  is there is a p-power root of unity ( such 

that  k~G ~ = k(~). In particular if the field k contains all p-power roots of unity, 

then G is abelian. In that  case the structure of G is well known - -  it is an 

abelian group of s y m m e t r i c  t y p e ,  tha t  is of the form H x H where H is an 

abelian p-group. On the other hand k must contain a primitive p-th root of 

unity, because otherwise the degree of kaG ~ over k is not a power of p. So we 

will assume k contains a primitive pS-root of unity (s >_ 1), but  does not contain 

a primitive ps+l-root  of unity. 

We can now state our main result in case one. 

THEOREM 1: Let k be a field. Let p be a prime. I f  p = 2 assume k contains 

VrL-1. Let s be the largest positive integer such that k D ~tp~ (SO 8 ~ 1 and 

s >_ 2 i f p  = 2). I f G  is ap-group such that there is a class a C H 2 ( G , k  • with 

kaG a k-central division algebra, then one of  the following occurs: 

(1) G is abelian of  symmetr ic  type and exp(G) <_ pS. 
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(2) There is an integer n > s such that G ~- H1 x H2 where H1 is the 

semidirect product 

H1 = Zp~ >~ Zp~ = <  Ir, alTr pn = a p'~ = 1 and 0"TrO " - 1  : 7[ p ~ + I  > 

and H2 is abelian of  symmetr ic  type and exp(H2)  _< pS. 

Here is the  result  in case two. 

THEOREM 2: Let k be a ~eld, k not containing x/L-1. I f  G is a 2-group such 

that there is a class a 6 H2(G, k • ) with kaG a k-central division algebra, then 

one of  the following occurs: 

(1) G is an elementary abelian 2-group of  symmetr ic  type. 

(2) There is an integer n such that G ~- H1 x H2, where H1 is the semidirect 

product  

Z2~+1 ~ (Z2~ x Z2) given by generators and relations as follows: 

---- 0 "2n ----" 1 and aTr = / [ 3 0 ,  TT[ ~ It--iT > H 1 ----< 7r, Or, T[71 "2n+1 ---- T 2 

and  H2 is an elementary abelian 2-group of  symmetr ic  type. 

Combin ing  Theo rems  1 and  2, we get the p romised  list of groups:  

COROLLARY 3: Let p be a pr ime  and  let G be a p-group. I f  there  is a t~eld k 

and a cocycle a 6 H2 ( G , k • ) such that k~ G is a k-central division algebra, then 

G ~ G1 x G2 where G1 is one of  the following groups: 

(1) Abelian of  symmetr ic  type, 

(2) Zp,, ~ Zp,, = <  zr, alzr p'` = a pn = 1 anda~ra -1 = z f  +1 > wheren  > s >_ 1 

and s >_ 2 i f  p = 2, 

(3) Z2n+l >4 (Z2~ x Z2) = <  7r, a, T zr 2~+1 = a 2~ = T 2 = 1 and aTr = zr3a, T1rT -1 

= 7r -1 > where n 7_ 1, 

and G2 is abelian of  symmetr ic  type such that exp(G2) _ exp(G~) /[G~ 1. 

3. S t r u c t u r e  o f  t h e  g r o u p  i n  c a s e  o n e  

In this section we will prove T h e o r e m  1. We begin by recalling the  no ta t ion  and  

set -up of the p roof  of T h e o r e m  3 in [1]. 

Let  G be a finite nonabe l ian  p-group  and  a a cocycle class on G such tha t  

D = kaG is a k-centra l  division algebra.  Since we are in case one, we are 

assuming  p is odd  or p = 2 and  v/-L--1 6 k. 

Consider  the  n o n e m p t y  family 

{ H  <_ G[H D G' and k a H / k  is a p-cyclo tomic  field extension}.  
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Let N be a maximal subgroup in this set and let IN[ = p~. We have r _> 1. 

The subgroup N is normal with abelian quotient and by [1, Proposition 2.6] 

tile extension k S N / k  is cyclic. Let KN denote this extension (so K N  = k~N) .  

The field K N  is normalized by every grouplike element of D. The next result 

([1, Theorem 2.1]) establishes a connection between the structure of G and ps 

- -  the number  of p-power roots of unity in k. 

T H E O R E M  4 :  Let a E G and u~ E D of  weight a. I f  u~ centraJizes KN,  then 

the order of uo modulo K~v (equivalently, the order of a modulo N )  divides p'~. 

Let G I N  ~- Zp,,l x Zp,2 x . . .  x Zp ...... The group G maps onto the Galois 

group G a l ( K g / k )  (because the elements of the fixed field KN c commute with 

every element in D). The group N is in the kernel of this map. It  follows tha t  

at least one cyclic component  of G / N  must map  onto G a l ( K N / k ) .  So we may 

assume Zp,,1 maps onto G a l ( K g / k ) .  It follows tha t  nl = r + e for some e > 0. 

The next lemma ([1, Lemma 2.2] is a consequence of Theorem 4. 

LEMMA 5: Let G I N  ~- Zp~+,, x ZB,~2 x ' ' '  X Z p - m  and let pS be the number of  

p-power roots of  unity in k. Then e <_ s and ni <_ s for a11 i = 2 . . . .  , m.  

Let a, v2, Ts , . . . ,  vm be elements of G such that  a,  ~'2, v3 , . . . ,  ~ generate the 

cyclic components of G / N .  Consider the subalgebra 

Do = k ~ < N, r2 ,T3, . . . ,Tm > 

and let L denote its center. The element a ha~s order pr+e modulo the subgroup 

< N, T2, T3, . . .  , T m > and so if u~ E D has weight a then the order of u~ modulo 

D~ < is also pr§ e. Conjugation by u~ preserves Do and so also preserves L. 

The following statements follow from Lemmas 2.3-2.7 in [1]. 

�9 The action of u~ on L induces an isomorphism of the cyclic group of order 

pr generated by u z D ~  with Gal(L /k ) .  

�9 The field L is generated by grouplike elements, that  is there is a subgroup 

U of G such tha t  L = ksU.  T h e s u b g r o u p  U is cyclic and normal in G. 

�9 The element a in G has order pr+e and so the subalgebra D1 = k s < U, a > 

is a cyclic crossed product  over k. 

�9 The subgroup < U, a > is normal in G. 

Using the Factorization Lemma in [1] it now follows tha t  the subalgebra 

k s < U, a > (:an be factored from k~G. More precisely, there is a two-cocycle 

on G~ < U, a > such that  

k~G ~- k ~ < U,a > |  < U,a > .  
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Our first new result in this paper  is an improved version of the factorization 

lemma which will imply tha t  not only the Mgebra, but  the group G itself factors, 

tha t  is G = <  U,a  > x G /  < U,a  >. The crucial fact, which we prove in the 

next lemma, is tha t  for each z E G, the action of z on k s < U, cr > is realizable 

by an element of < U, a >. 

LEMMA 6: For each z E G there is an element y E< U,a  > such that  the action 

o f  z on k ~ < U, a > is the same as the action o f  y on k s < U, a >. 

Proof: Recall that  L = kaU is a cyclic extension of k of degree pr+e and U is 

a cyclic group. Let 7r be a generator of U. Let u~ and u~ be elements of weight 

6 and 7r, respectively. Let h = cr~ra-17r -1 and let Uh = u ~ u ~ u j l u ;  1. Then 

u ~ u ~ u j  1 = UhU:, SO Uh lies in L and is a primitive pr+C-root of unity. 

Now let z E G and let uz be an element of weight z. Let ,~ = z a z - l a  -1 and 

let u~ = u z u ~ u ~ l u ~  1 C F', the commuta tor  subgroup of the group of grouplike 

elements of kSG. In the proof of Lemma 2.7 of [1] it was shown that  A C< h >. 

In particular u~ E L. 

Let D1 = k s < U, a >. The division algebra D1 is generated as a k-algebra 

by u~ and u~ and the subgroup < U, a > is generated by ~r and a. We need to 

prove that  conjugation by uz is realizable by conjugation by an element of the 

form i j that  is UTrUc~, 
UzdUz I i j i j - 1  = u . u ~ d ( u . u ~ )  

for all d C D~. First, because conjugation by u~ generates the Galois group of 

L over k, there is an integer J0 such that  UzU~U[ 1 = u J ~  j~ 

Secondly, we have u~u~u[  1 = u~u~. As we saw above u~ E F'.  It  follows 

[5, Lemma of Chapter  2, section 9] that  u~ is a p-power root of unity. Because 

,~ E< h > and Uh is also a p-power root of unity, it follows that  u~ = Uh i~ for 

some integer i0. Hence 

1~ rioua?~ r-io = Uhioua ~- ~%Ucr : 1~z1~a?~z 1. 

Thus ui%,. j~ and Uz act in same way on D1. I I  --/1" ~ t 7  

Theorem 1 will now be a consequence of the next result, a version of the 

factorization lemma of [1]. We will need the result more than once, so we state 

it in suitable generality. If H is any normal subgroup of a group G, then the 

action of G on k~G preserves the subalgebra k ~ H .  If  k ~ H  is simple with center 

k, then this action is necessarily inner (but not necessarily given by the action 

of an element of H).  
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THEOREM 7: Let k~G be a twisted group division algebra with center k and let 

H be a normal subgroup of G such that the subalgebra k~H is k-central. Sup- 

pose for all z E G, there is an element h E H such that  the action of  z on k a H  is 

the same as the action of h on k~ H. Let E = {a E G[ a acts trivially on k~ H }. 

Then we have the following: 

(1) G = H E a n d H A E = I ,  s o G ~ H •  

(2) The subalgebra k~E has center k and kaG is canonically isomorphic to 

k a H  | k~ E. 

Proof: (1) We have H M E = 1 because the center of k a H  is k. Now let z E G. 

By our assumption there is an element h E H such that  the action of z on k a H  

is the same as the action of h. But then h - l z  E E, so z E H E .  

(2) By the definition of E,  the subalgebra k~E centralizes the subalgebra 

kaH.  Because G = H E ,  we have k~G = (k~H)(k~E) .  Therefore, there is a 

canonical homomorphism from k a H  | k~E onto kaG. By dimension count 

this map  is an isomorphism. It  follows that  the center of k~E is k. I 

COROLLARY 8: Let G, U,a be as described above. Let 

E = {7 E G[ ~/acts trivially on k s < U,a >}. 

Then G is canonically isomorphic to < U, a > • E.  Moreover, k~E is k-central 

and k~G is canonically isomorphic to k s < U, a > |  

We want to arrange things so tha t  the subgroup E of the corollary is abelian. 

To do that  we need to be more careful about  our choice of generators for the 

cyclic components of G / N .  

LEMMA 9: Let G and N be as described above. There exist elements 

a, T2,V3,... ,Vm in G such that:  

(1) G / N - ~ < - 5 >  x<~> x < ~ >  • 2 1 5  <~-~m>. 

(2) The action of a on KN generates the Galois group G a l ( K g / k ) .  

(3) For all i the action Of Ti on KN does not generate G a l (Kg  /k) .  

Proof." As observed after Theorem 4, one of the components of G / N  must map  

onto Gal ( K N /k )  and so must have order at least pr. We can therefore choose 

an element a such tha t  < Y > is a cyclic component  of G / N ,  the action of a 

on KN generates the Galois group, and such that  the order of Y in G / N  is as 

small as possible. With that  choice of a let v2 ,73, . . . ,  Tm E G be chosen so that  

G / N  ~ <  ~ >  • < ~ > • < ~-~ > • 2 1 5  <~mm >- Suppose for s o m e i t h e  
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action of ~-~ also generates G a l ( K N / k ) .  Then there is a positive integer c such 

that  Vi = acWi acts trivially on KN.  Since the order of K is less than or equal 

to the order of ~ ,  it follows that  ~ and ~ have the same order. Moreover, if 

we replace ~-i by ?i and keep the remaining generators, we still obtain a cyclic 

decomposition of G / N .  By continuing in this way for every Tj such that  the 

action generates the Galois group of KN,  we obtain a set of generators of the 

desired kind. | 

We now repeat the constructions following Lemma 5 with this special set of 

generators. In particular, we have the cyclic normal subgroup U such that  L = 

k~U. By Corollary 8 we have G ~ <  U,a > •  and k~G -~ k s < U,(r > |  

PROPOSITION 10: With  the choice of  generators as in the previous /emma,  the 

subgroup E is abelian. 

Proos We first claim that  G I N U ~ {1}. We have G ~ C_ N and N is cyclic. 

Let H be the unique subgroup of order p in N. Then H _C G I. By our choice of 

generators the action of no v~ generates the Galois group of K N  = k S N .  In other 

words, for all i, the action of ~-i lies in the subgroup of G a l ( K N / k )  generated by 

the action of o -p. It follows that  for all i, the action of 7"i fixes elementwise the 

subfield kSH.  Hence k ~ H  lies in the center of the algebra k s < N, T2, . . . ,  Tm >. 

But this center is L = kaU, so H C_ U and G t n U  ~ {1}. This proves the claim. 

Now suppose E is not abelian. Then k S E  ' ~ k is a p-cyclotomic subfield 

o f k ~ E .  BecausekSG ~ k s < U,a > |  we see that  kS(G ' N U )  | k s E  ' 

is a subfield of k~G. But kS(G ' N U) is also p-cyclotomic and by the claim 

k~(G'NU) # k. Hence each of the fields k~(G'NU) and k S E  ' contains a primitive 

p*+l-root of unity and so their tensor product  is not a field, a contradiction. It 

follows that  E is abelian. 1 

We can now finish the proof of Theorem 1. Using the special generators we 

have G ~ <  U,a > x E  and E is abelian. Because k S E  is a k-central division 

algebra, the group E is of symmetric type ([1, Theorem 1.1]) and k a E  is a tensor 

product  of symbol algebras. Because k does not contain a primitive pS+l-root 

of unity, the symbol algebras have degree dividing pS and so the exponent of E 

is bounded by pS. 

Finally, we analyze < U,a  >. Let n = r + e ,  so the order of U i s p n .  As 

before we let zr be a generator of U and choose elements u~ and u~ of weights 

a and 7r respectively. Let h = azra-lzr -1 and let Uh = u ~ u ~ u j l u ~  1. Because 

h E U, there is an element x E k • and an integer m such that  Uh = xu  m. Hence 

u~u~u-j I = UhU,~ = xu~  +], and s o  aTro  " -1  = 7I - m + l  . It follows that  < 7t "m > is 
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the commuta tor  subgroup of < U, a >. Let m = cp t, where c is prime to p and 

l < t < n .  

We claim that  t = s: Recall that  Uh = ~ is a primitive pn-root of unity. 
pn Because u~ E k x, we h a v e  (uCpt) p ' - t  -- x--P'~-t ~ p~-t k x E and therefore t < s. 

On the other hand ~P"-~ E k x, hence (uPS) p~-~ E k x. Therefore t _> s. This 

proves the claim. 

In summary,  < U, a > is generated by a and 7r and aTra -1 = 7r cp'+l.  I t  now 

follows easily that  < U, a > is isomorphic to the semidirect product: 

Zp~ >~ Zp,, = <  7r, aJrr p" = ~P'~ = 1 and ~Tra -1 = 7r p~+I > . 

This finishes the proof of Theorem 1. | 

4. S t r u c t u r e  o f  t h e  g r o u p  in case  two  

In this section we prove Theorem 2. Let k be a field not containing x/%~. 

Let G be a 2-group and a a cocycle on G such that  D = k~G is a k-central 

division algebra. The discussion at the beginning of section three still applies. In 

particular,  G I is cyclic and kC~G~ is a 2-cyclotomic extension of k. If  0 generates 

G ~, then there is an element u0 in k'~G t of weight 0 such tha t  u~ c'l  = - 1 .  

As before we let N be a subgroup of G maximal subject to the properties: 

N contains G ~ and KN -= kC~N is a 2-cyclotomic extension of k. Let INJ = 

2 r + l , r  >_ 0. Then N is normal in G and K N / k  is a Galois extension. Unlike 

the case where p is odd, in the present case the Galois group of K g / k  may be 

noncyclic. In general, Gal (KN/k )  ~- Z2,- x Z2 which is cyclic precisely when 

r ~ - - 0 .  

The canonical homomorphism from G to the group of k-algebra automor-  

phisms of k~G induces a surjective homomorphism ~: G I N  ~ G a l ( K y / k ) .  

Let G I N  ~- Z2.~, x Z2.~2 x . . .  x Z2~. There must  be two components,  say 

Z2~1 x Z2.~:, such that  ~(Z2~1 x Z2~2) = Gal(KN/k) .  Of course if r = 0 only 

one component  is needed. We may assume that  sl _> r and s2 _> 1, so tha t  

G / N  ~ Z2r+o x Z21+s x Z2~1 x . . .  x Z2 .... where e , f  > 0 , m  _> 0, si _> 1. By [1, 

Proposit ion 3.2], e, f _< 1 and si = 1 for all i. Moreover, by [1, Lemma 3.3], we 

can choose generators a,  T, ~1 , . . . ,  ?m such that  

G/N~-<-@> x < ~ >  x < ~-i- > x . - . x  < T~~ > 

and such that  for all i, ?i centralizes KN. 

For each i let u.~ E kC'G be an element of weight 7i- Because for all i, u~  E 

KN and 3'~ acts trivially on KN, we must  have the multiplicative commuta tor  



Vol. 146, 2 0 0 5  PROJECTIVE BASES OF DIVISION ALGEBRAS 327 

( u ~ , u z j )  = 4-1 for all i , j .  In part icular,  "Yi and ")'3 commute  for all i , j .  Our  

first new step is to  rewrite the generators  a ,~- ,71, . . . ,~--~ so tha t  for each i, 

(u.y~, u ~ )  = 1 for all but  at  most  one j .  

LEMMA 11: There  are dements  7 1 , 7 ~ , - . . , 7 m  in G such that G / N  ~- 

Z2,.+~ x Z~+~ x Z~ x . . .  x Z2 ~ < ~ >  x < ~ >  x < ~ - >  x . - - x  < ~--~ > and  

such that either u~ ,  u~; commute for all i, j ,  or (u~ ,  u ~ )  = - 1  and u ~ ,  u ~  

commute with all u~rj for j > 2. 

Proof.' If  there exist i, j such tha t  u.~ and u.yj do not  commute ,  we set, wi thout  

loss of  generality, i = 1 and j = 2. Now let 3 < t < m. If  (u-~, u.y,) = - 1 we 

let 7~ = %"/2. Then  (U.~l,U.~r = (U.~l,U.~,u.~2) = 1. If, on the other  hand,  

(u~l,u~,)  = 1, we let 7~ = 7t. Next, if ( u ~ , u ~ , )  = - 1 ,  we set ~ '  = ?~/1. 

Otherwise we set y~' = 7~- Then  (uz2 , u.~;,) = (U.rl , u.~,) = 1. Replacing 7t by 

7~' results in another  complete  set of cyclic generators  for G / N  and the 7~' acts  

trivially on KN. Continuing this process will create  a set of  generators  of  the  

desired type.  | 

PROPOSITION 12: There exist 71,72, . . . , '~m in G such that 

G / N  ~ Z2~+~ x Z21+s x Z2.,~ x . . .  x Z2 ..... 

~ < K >  x < ~ >  x < ~ i - >  x . . . x  <~mm> 

and such that (u.r2~_~, u.y2~ ) = 4-1 for all t, 2 <_ 2t <_ m and all other commutators 

between u~'s are trivial. In particular, i f  m is odd, then u~,,. commutes with 

u~t~ for all i. 

Prooi~ By induction.  | 

Remark: In the special case r = 0, we will adopt  the following nota t ion:  we will 

write G / N  - Z21+~ • Z2~1 • 2 1 5  Z2~m -~< ~ > x < ~-~ > • .--  x < ~mm >,  where 

m k 0, g k 0, .si ~ 1. As in the general case 9 ~ 1 and si = 1 for all i. Moreover,  

we may  assume tha t  3 '1 , . . . ,  7m satisfy the conditions of Propos i t ion  12. 

Now consider the division algebra Do = k a < N , - y l , . . . ,  7,~ >- Let L denote 

its center. We have L D_ KN. The  group G acts on Do, hence on L, and this 

induces an act ion of  G~ < N, 71 , . . . , 'Ym > ~  Z2,-+, x Z21+~ on L. Fur thermore ,  

LG/<N,~I ..... ~m> = k because k is the center of kaG. 

Let u~, u~ be elements of weight a, 7, respectively. Let B be the subalgebra  

of kaG generated by L, ua,  ur .  As in the previous section we would like to  show 
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that  for each z E G there is a grouplike element y in B such that  the action of z 

on B is given by conjugation by y. Unfortunately, this is not always true. There 

are two ideas which overcome this problem. The first, which is used in the cases 

where IN[ = 2 or N ~ Z2 x Z2, is to enlarge the subalgebra by adjoining a 

suitable pair {u~,  ue~+~ } to it. The second idea, which works in the remaining 

cases, is to change the subalgebra by changing the generators (7 and T. In each 

case we will show that  the action of G on the new subalgebra is indeed given 

by conjugation by grouplike elements in the subalgebra itself. 

CASE (1.1): r = 0, g = 0. Then N = G I has order 2. Let 7r be a generator of 

N.  Then u~2 = - 1 .  Computing dimensions, we have dim(D/k) = [G[ = 2 ~ 

Because the dimension of D over k is a square, we see tha t  m, the number  of 

7's,  is even. Because we assume G is not abelian, we have m _> 2. 

We claim (u.y2j_l,u~2j) = - 1  for all 1 ~_ j < m/2. If not, by Proposit ion 12, 

u~,u~2j_~,u~2 ~ E L. Hence dim(L/k) >_ 23, but G~ < N , 7 1 , . . .  ,7m >, which is 

of order 2, maps onto Gal(L/k), a contradiction. This proves the claim. 

We want to summarize the current situation. We will then use only these 

facts to complete the argument.  This will be useful in case 2.1.1 because we will 

reduce tha t  case to the case we are now considering. At this point we have the 

following situation: The commuta tor  subgroup G ~ has order 2. If ~ is a generator 

2 - 1 .  The of G t then we may choose an element u~ of weight r such that  u~ = 

group < u~ > acts as the Galois group of k(u~) over k and so k < u~,u~ > is a 

crossed-product algebra with center k. The number of ~'s (cyclic generators for 

G~ < 7r, a >) is even and chosen so that  for all i, the element 7~ acts trivially on 

k(u~) and u~2 E k(u~). Furthermore,  (u~2j_l,u~2j) = - 1  for all 1 _< j _< m/2 
and (u~,  u.yj ) = 1 for any other choice of indices. We will proceed using only 

these facts. 

We claim we can rewrite the cyclic generators 7 1 , . . . ,  7ra so that  (a, 71) = 

and (a, Tj) = 1 for all j > 1. First we observe that  (a,7~) = ~ for some i, 
because (Tj,7t) = (Tj, 7r) = (a, Tr) = 1 for all 1 < j , t  <_ m. So by possibly 

reordering the generators, we may assume (a, 71) = r .  Next, suppose for some 

j _> 3 we have (a, 7j) = ~ (we will deal with j = 2 at the end). Then we may 

assume, without loss of generality, tha t  j is odd. Then (u.~j, u~+~) = - 1 .  Let 

73 = 7j71. Then we obtain (a,7~) = 1. But now (u~,u~2) = - 1  and, if we 

set 7~ = 72~j+1, then (u~,u~)  = 1. If we replace ~2 by 7~ and 7j by ~ ,  then 

the new elements ~ 71,72,73,- �9 �9 7 ) , . . - ,  7m still give a cyclic decomposition and 

still satisfy Proposit ion 12. We repeat  this process for all 7j, J > 2 tha t  do 

not commute with a. So start ing over we may assume the generators 7 1 , . . . ,  70  
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satisfy (a, 7i)  = 7r and (a, 7j)  = 1 for all j > 2. Finally, if (a, 72) = 7r, we replace 

72 by 7~ = 727~ to  get (a, 7~) = 1. The  new set of  genera tors  71,7~, 73 , - - - ,  7m 

has the desired properties.  I 

Now consider the subalgebra  D i  = k s < 7r, a, 71,72 >- We want  to show tha t  

D1 is a crossed-product  algebra with center k. Let  u~, ua,  u ~ ,  u~2 be elements 

of  weights 7r, a, 7i ,  72 respectively. Let T = k ~ < 7r, 71 > =  k(u,~, u.y~). Because 

71 acts  trivially on K N  ---- k(uTr), the subalgebra  T is a field, and because 

< lr > =  G', this field is a Galois extension of k. Recall t ha t  ( u ~ ,  u~2 ) = - 1  

and u S E K N  = k(u~). Thus  U 4 E k,  but  u S r k, because (cr, 71 ) = 7r # 1. 
2 Hence uz~ = cut  for some c E k • . I t  follows tha t  T / k  has degree 4 and the  

Galois group of T / k  is Z2 • 7-2 ([1, Propos i t ion  2.6]). 

We claim t ha t  < a, 72 > is isomorphic to Z2 • 7-2 and tha t  the act ion of  this 

group on T is the Galois action. It  will follow tha t  D1 is a crossed-product  

a lgebra with center  k. The  element a acts on T and so u~u.y~u~ 1 = xu.~,  for 

some x E k ( u , ) .  Hence UcrU,71U a 2  -1 = x2u.y~.2 It  follows tha t  -cu,~ = x2cu~ and 

so x = + u . .  Replacing a by a72 if necessary we may  assume x = u . .  Thus  

conjugat ion by u~ and u~2 induces the Galois act ion on k(u.y~) = k(u~, u ~ ) :  

--i 3 
?s163 1 ---- UzrU~/I ---- C U.,fl , 

Uff2 ?s ?s ---- --?s " 

2 2 Moreover,  ur E k(u~) and a induces the Galois act ion on k(u~) ,  so uo E k. 

2 4 E k. Since (a, 72) = 1 it follows easily tha t  Also 7~ e N,  so u.~2 E k(u~) and u~2 

2 E k. Hence a and 72 have order 2 and we have proved the claim. U'~2 

We want  to apply the factorizat ion theorem,  Theorem 7, to the subgroup 

H = <  7r, a, 71,72 >.  It  only remains to  show tha t  every z E G acts on D1 as 

a grouplike element of  D1. It  is sufficient to check this for z E { 7 3 , - . . , 7 m } .  

So let z = 7i, with i > 2. Because (a, z) = 1, it follows tha t  UzU~,Uz 1 = -t-u~. 

Moreover,  Uz centralizes u~, u~l ,and u~2, so the act ion of z on D1 is the same as 

the act ion of either the identi ty or u . .  Thus  the factor izat ion theorem applies 

and we get G ~ <  71-, o-, 71, 72 > •  where E ---- Z2 • . . .  x Z2, an e lementary 

abelian 2-group of order  2 m-2.  Moreover,  it is clear t ha t  < iv, a, 71,72 > is the 

semidirect p roduc t  given in the s ta tement  of Theorem 2. 

CASE (1.2):  r = 0 ,g  = 1. Then  IZ21+~I = 4. We will show tha t  this case is 

not  possible. We have: 

4 = I G / <  N , ? l , . . . , ? m  > ] >_ d i m ( L / k )  > d i m ( K N / k )  = 2. 
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Hence dim(L/k) = 2 or 4. Suppose dim(L/k) = 2. If z E G maps to the 

unique element of order 2 in Z21+g, then z acts trivially on L. Let Uz be 

an element of weight z. By the Skolem-Noether theorem there is an element 

x E Do such that  x-lUz centralizes Do. Now let L1 denote the center of the 

subalgebra D1 = k s < N, 71,...,Tm,Z >. Then Li _~ L and Li ~ x-litz, SO 

dim(Li/k) >_ 4. But -irG/<N'~ ..... "rm,z> = k and IG/< N, Ti, ... ,Tm,Z > [ = 2, 
so dim(L1/k) = 2, a contradiction. 

Now suppose dim(L/k) = 4. By [1, Proposition 2.6] the Galois group of L 

over k is Z2 x Z2. But by its choice the component Z4 = Z21+g maps onto 

Gal(L/k), a contradiction. 

CASE (2.1): r > 0 and ]Z2,.+e • Ze~+s ] = 2 r+l. We have 

2 r+l = IG/< N, Ti, . . . ,Tm > I > dim(L/k) >_ dim(KN/k) = 2 r+i. 

Hence L = Kw. In this case the dimension of D over k is 2 ~r+2+m, so m is 

even. We claim that  N is either cyclic or Z2 x Z2. Suppose N is not isomorphic 

to Z2 x Z2. If N is also not cyclic then N contains a subgroup isomorphic 

to either Z2 x Z4 or Z2 x Z2 x Z2. If N contains a subgroup isomorphic to 

Z2 x Z2 • Z2, then L = KN will contain three quadratic extensions no one of 

which is contained in the field generated by the other two. It follows that  the 

Galois group of L / K  maps onto Z2 x Z2 x Z2, a contradiction. If N contains 

Z2 • Z4, then L contains a subfield F = k~Z4, which by [1, Proposition 2.6] 

is Galois over k with Gal(F/k) = Z2 x Z2. But L will also contain k(~Z2 from 

the other factor of N and this quadratic extension will not be a subfield of F.  

Again it follows that  the Galois group of L over k maps onto Z2 z Z2 x Z2, a 

contradiction. This proves the claim. 

CASE (2.1.1): N = Z2 x Z2. We want to reduce this case to case (1.1). Let 

N = <  7~i,7r2 > and let G' = <  7rl >. Then we may choose a grouplike element 

2 - 1 .  The group < u~,u~ > acts as the Galois u.~ of weight ~1 such that u ~  = 

group on KN. By possibly changing the generators Y, ~ of G~ < N, 71 , - . . ,  ~fm >, 

we may assume the action is as follows: 

and 

UO.~/~Trl'I~ -1 __~ --'U~71.1, '~T~?rlU~ -1 ----U~I 

UO.UTr2U~ 1 ----~t~l.2, ~tT~tTi-2"aT 1 ~ --U~T 2. 

Now rename 7~ = 7rl, 7m+i -- ~r2, and ~,~+2 = T. We claim that  with this 

notation we are (after a possible alteration of the 7i's as described in (2) below) 

in the situation of case (1.1). We need to show several things: 
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2 2 (1) a 2 = 1: We have u~ E KN,  hence u~, C (KN)  ~ = k(u~r2). If  u~ ~ k, t hen  

But  u,.u~u-~ 1 xu~, for some x E KG, = k(u~l) .  Note  t h a t  uTu u;1 - _  _ -  

x 2 C k, so a(x)  = +x.  Then  

uTu  ; 1 (xu ) 

If  x E k, t hen  x(7(x) = x 2 = - 1 ,  a con t r ad i c t i on  because  by  a s s u m p t i o n  x/Z--f r 

k. If  x ~ k, then  x(7(x) = - x  2 = - 1 ,  a con t r ad i c i t on  because  kC~G is a divis ion 
2 (72 algebra .  Hence u~ C k, so = 1. 

I t  follows t h a t  k s < 771, (7 > is a crossed p r o d u c t  suba lge b ra  of k~G norma l i zed  

by  G. 

(2) We can select  ~/i, for 1 _< i _< m so t h a t  u~ commutes  wi th  u ~ :  Let  

1 < i < m.  The re  is an  e lement  x E k ( u ~ )  such t h a t  u~-u.~u~ 1 = xu.~. Then  

x 2 C k and,  since 7i acts  t r iv ia l ly  on / ( g ,  we have 

U~ ---- U2~U~U~ 2 ---- X2U~. 

Hence x e = 1. If  x = 1, then  (u~,u,~) = 1. I f  x = - 1  we m a y  rep lace  7i by  

7~ = 7i77: to  get  ( u ~ , u ~ )  = 1. Because  u ~  commutes  wi th  u ,2 ,  the  new ~ ' s  

st i l l  sa t i s fy  the  condi t ions  of P ropos i t i on  12, t h a t  is ( u ~ _ ~  , u ~ )  = 4-1 for all 

t, 2 _< 2t _< m and  all  o the r  c o m m u t a t o r s  be tween  u~ 's  a re  t r iv ia l .  

(3) We have (ur,u.r~) = (u~2,u.y,) = 1 for all 1 < i < ra and  (u~-,u.2) = - 1 .  

Fur the rmore ,  (u~. ,u~)  = (u~2 ,u~ )  = 1 and  u~2,2 u~.2 e k ( u ~ ) .  These  s t a t e m e n t s  

are  clear.  

So now if we r ename  7r = 7rl, 7m+1 = 772, and  7m+2 = T, we have the  

condi t ions  of case (1.1) and  can comple te  the  a r g u m e n t  as in t h a t  case. 

CASE (2 .1 .2 ) :  The  g roup  N is cyclic. Let  77 deno te  a gene ra to r  of N .  Then  

77 has  o rder  2 ~+1. The  subgroup  < 77, (7, ~- > is n o r m a l  in G and  the  suba lge b ra  

k s < 77, (7, ~- > is a crossed p r o d u c t  a l geb ra  (L, G a l ( L / k ) .  

Now let z C {3 '1 , . . .  ,Tin}, say z = ?i- Let  Uz be an  e lement  of weight  z. We 

have u z2 C KN,  hence u~2 __ au t ,  where  a C k x and  t is an  integer.  We claim 

t is even. If not ,  t hen  < z > is a no rma l  cyclic subgroup  of G of o rde r  2 r+2. 

Bu t  k ( u z ) / k  is an abe l i an  field ex tens ion  wi th  Galo is  g roup  Z2~+1 x Z2, by  [1, 

P r o p o s i t i o n  2.6]. I t  follows t h a t  G~ < z > =  G / <  7r, z > maps  onto  Z2,-+1 x Z2. 

But  G / <  77, z >--- Z2. x Z2 x - �9 - x Z~, a con t rad ic t ion .  This  proves  the  claim. 
2 2s Hence we can wr i te  u z = a u ,  for some in teger  s, and  so z 2 = 772s Rep lac ing  z 

by  z77 - s  we m a y  assume z has  o rde r  2 in G. R e p e a t i n g  this  a r g u m e n t  for all i ,  

we get  a new set of gene ra to r s  for G / <  7~, (7, ~- > which are  of o rde r  two in G,  

r a the r  t h a n  in G I N .  
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By the a rgument  of  case (1.1), we see tha t  (u~2j_l, u~2 J) = - 1  for all 1 _< j < 

m / 2 .  I t  follows tha t  there exists w = 7i• such tha t  (Uz,Uw) = - 1 .  Because 

z has order  2, we have u z u o u ~  1 = x u ~ ,  where x = 4-1. If  x = 1 then Uz acts  

tr ivially on u~. If  x = - 1  we let a '  = aw  and let u~, = u ~ u w .  Then  it follows 

tha t  UzUz, Uz  1 = u~, .  Similarly, we can adjust  T to V' SO tha t  UzU~,U~ 1 = u~,. 

So we now have the following: 

1. < O"t,T1,~-,...,~mm >=< O',T,~/l,...,~/m >. 

2. < ~;', T' > acts as the Galois group of L. 

3. uz  acts trivially on k(ua ,  , u~, , u=). 

4. The  act ion of u~j for j # i is unaffected, tha t  is u.~ju~,u.~ 1 = u.yju~u.~-j 1 

and ?.tqj u z , u ~  1 = lt,Tj ~T'tt~j 1. 

Continuing in this way for each element of {71 , . . .  ,Tin}, we can obta in  new 

elements 0, 7 generat ing the Galois group of L / k  such tha t  for every i, the 

element 7i acts trivially on k s < ~r, a, T >.  In part icular,  we now have tha t  

G decomposes into the direct p roduc t  < 7r, o,~- > • < 7 1 , . . . ,  7m > and tha t  

< 7 1 , . - . ,  7m > is an e lementary abelian 2-group. To finish the theorem in this 

case we need to identify the group < 7r, a, T >.  

Recall t ha t  < ~ , ~  > is isomorphic to the Galois group of  k (u~)  over k. 

Because u= is a primitive 2~+2-root of unity, we can compute  this Galois group 

3 and explicitly: it is generated by au tomorph isms  r and r where r  = u~ 

~b(u~) = u ;  1. The  au tomorph ims  r has order  2 ~ and ~b has order  2. Hence by 

possibly changing the generators  a and 7, we may  assume tha t  arra -1  = 7r 3 and 

~-7r7 -1 = 7r - I .  This change will not  affect the propert ies listed in the previous 

paragraph .  In part icular,  we know tha t  a 2r 6 N and 72 6 N.  We c la im t ha t  

in fact a has order  2 ~ and T has order 2 in G. If  so, we will have the desired 
2" L a. 2 ~ decomposition of G. Recall that KN = L. It follows that u~ 6 If u~ ~ k, 

then u~ = au~ for some a 6 k • because otherwise u~ would generate a 

field extension of k of degree >_ 2 ~+2, which is impossible. Hence uz commutes 
3 ~ ~ 2 ~  --1 ~ 2"'~3 2 ~ 2 r withu2~.  B u t u ~ u ~ u ~  1 = u~,  so uau~  u~ = ( ~  j = - u ~  , because  u~ i s a  

2 r 
primitive 4-th root  of unity. Therefore u~ 6 k, so a has order 2 ~ in G. A similar 

a rgument  shows T has order  2. This proves the claim and we have finished this 

c a s e .  

CASE (2.2):  r > 0 and  IZ2,-+~. • Z2~+s I = 2 ~+2. It  follows tha t  either e = 1, 

f = 0 o r e = 0 ,  f = l .  We have: 

2 ~+2 = I G / <  Y , 7 1 , . . . , T m  > ]>_ d i m ( L / k )  >_ d i m ( K y / k )  = 2 r+l .  

Hence d i m ( L / k )  = 2 r+l  or 2 r+2. We will show the first case is not  possible. If  
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d i m ( L / k )  = 2 r+l ,  we argue as in case (1.2): There  is an element z C G tha t  

maps  to either the unique element of  order  2 in Z2~+1 (when e = 1) or to the 

unique element of order  2 in Z21+s (when f = 1). Then  z acts trivially on L. 

Let Uz be an element of weight z. By the Skolem-Noether  theorem there is an 

element x C Do such tha t  x - l u z  centralizes Do. Now let L1 denote  the center of 

the subalgebra  D1 = k s < N, 7 1 , . . . ,  7m, z > .  Then  L1 _D L and L1 ~ x - l U z ,  so 

d i m ( L 1 / k )  >_ 2 r+2. But  Lcl/<N''~I ..... .y.,.,z> = k and IG/ < N, 7 1 , . . . , T m , Z  > I 

= 2 r+l ,  so d im(L1/k)  = 2 r+l ,  a contradict ion.  

Hence d i m ( L / k )  = 2 ~+2 and G~ < N,  7 1 , . . . , T m  > is isomorphic to the 

Galois group of L / k .  The dimension of D over k is 22r+3+m, so m is odd. By 

Propos i t ion  12, if u~,, has weight 7m, then u~m centralizes Do. It  follows tha t  

L = Ky(u.r,~).  Let U = <  N,  Tm >. The  group U is cyclic: If  not ,  then just  as 

at  the beginning of  case (2.1) one can show tha t  the G a l ( L / k )  ~- Z2,-+~ • Z21+s 

maps  onto Z2 • Z2 x Z2, a contradict ion.  This case now follows the pa t t e rn  

of case (2.1.2) (where U plays the role of  the group N of tha t  case) and so we 

will merely outline the argument .  Let 7r be a genera tor  of  U, so 7r has order 

2 r+2. We have G~ < ~r, or, 7- > ~ <  ~i- , . . . , 'Ym-1 ) .  The  subgroup < 7r, a, 7 > 

is normal  in G and the subalgebra  k a < 7r, a, ~- > is a crossed p roduc t  algebra 

(L, G a l ( L / k ) ) .  

Now let z E {71, - . .  ,7m-1} ,  say z = 7i. Let Uz be an element of weight z. 

2 E KN,  hence 2 au~, where a E k x and t is an integer. Because We have u z u z = 
2 2s u~2 generates K N  over k, the integer t is even. Hence we can write u~ = au~ 

for some integer s, and so z 2 = 7r 2s. Replacing z by Z~T - s  we may  assume z has 

order  2 in G. Repeat ing  this a rgument  for all i, we get a new set of  generators  

for G~ < 7r, a, ~- > which are of order  two in G, ra ther  than  in G / N .  

The a rgument  of case (2.1.2) now shows tha t  just  as in t ha t  case we can, 

by sui tably adjust ing a and ~-, assume tha t  for every i, the element ?i acts 

trivially on k a < 7r, a, T >.  In part icular ,  we have tha t  G decomposes  into the 

direct p roduc t  < rr, ~,~- > • < 7 1 , . . . , ' y m - 1  > and tha t  < 7 1 , . . . , 7 m - 1  > is 

an e lementary abelian 2-group. We are left with the computa t ion  of  the group 

< 7r, a, 7- >.  Because the order  of 7r is 2 ~+2, we can write - 2"+2 b, for some 't/,,]l. 

b E k • �9 The  polynomial  x 2"+2 - b is irreducible over k and, because ~ r k, 

by a theorem of Schinzel [4, Theorem 2], there is an element c C k • , such tha t  

b 2 = c 2"+2. If  b = c 2"+~ , then x 2~+2 - b is reducible, so we have b = - c  2~+~ and 

u~ "+2 = - c  2'~+~. It  is now s t ra ightforward to verify tha t  the Galois group of 

k(u,r) over k is genera ted  by au tomorph isms  r and r where r  = u 3 / c  and 

r  = eu~ 1. Moreover,  r has order  2 r+l  and r has order  2. We m a y  assume 
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tha t  a acts  on k(u~) as r and v acts as r  In part icular,  we have 0"71"O " -1  ---- 71 "3 

and 77rv -1 = 7r -1.  We are left with comput ing  the orders of 0. and T. For 0., 

2'~+1 au~ for some note  tha t  the order  of u~ modulo  KN C_ L is 2 ~+1 and so u~ = 

a E k • and 0 < i < 2 r+l .  Clearly-%2r+' E L ~, so au~ = uaa~tir~t-~ 1 : a(u3/c) i. 
2i C i k • " 2 r + l  2 r + l ,  Hence u~ = E It  follows tha t  i = 0 o r  i = . I f i  = then 

~$2 r+2 = c 2r+1, a contradict ion.  Hence i = 0 and so 0. has order 2 v+l. The  

a rgument  for 7- is similar. We thus have the desired presentat ion of G. 

CASE (2.3):  r > 0 and  [Z2,,+~ • Z2~+~{ = 2 ~+3. In this ease e = f = 1. This 

is impossible by the discussion of Case (2) of [1]. 

This completes the proof  of Theorem 2. 

5. D e c o m p o s i t i o n  i n t o  cyc l i c  a l g e b r a s  

In  this section we prove the following result: 

THEOREM 13: Let G be a 2-group and let k be a field not containing x/%-l. 

If  D = kaG is a k-central division algebra, then D is isomorphic to a tensor 

product of cyclic algebras. 

Proof'. By [1, Theorem 4], either D is a tensor  p roduc t  of quaternion algebras 

or D - D1 | " "  | Dn, where D1,D2 , . . . ,Dn - 1  are quaternion algebras and 

Dn -~ ka(Z2,-+l )4 (Z2,- • Z2)). We will in fact show tha t  Dn is isomorphic to  a 

tensor  p roduc t  of two cyclic algebras, one of which is quaternion.  We consider 

two cases: 

CASE 1: r = 1. In this case, D n is precisely the algebra denoted D1 in case 

(1.1) of  section 4. We will use the nota t ion  of t ha t  case. We have D1 ~ k~H, 

where H = Z 4  )~ ( Z 2  • Z 2 )  = <  ~ 1 , 7 2 , 0 . ] ~ / 4  = 7 2  = 0 .2 = 1 and 0.~10.  - 1  = 

, , f3  - 1  i 727172 = 71 > and the cocycle a is defined by 

4 ?A~ ?Aq,1 ?A~ 1 --1 3 -- 
~ 1  : - C 2 '  : C ~t~l ~ ~t~2U,YlU,y21 : --U,), 1 

and 
2 2 _ t 

for some c, s, t in k. The  commuta to r  (u~, u~2 ) must  be a 2-power root  of uni ty  

2 = t E k, so we also get (u~, u~2 ) = •  We may  set u ~ 2  = u~u~2. and u~2 

Now we compute  u~u~12 u~-i = (u~u~lu-~l)2 = c-2u~6 = _u  2~1. It  follows 

tha t  the  k-subalgebra  B generated by c-lu.~12 and u~ is the quatern ion  a lgebra  

( - 1 , s ) .  But  then Dn ~ B | Con(B) where Cos(B)  is the centralizer of B 
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in Dn. By dimension count CD~ ( B )  is another quaternion algebra and we are 

done in this case. 

CASE 2: r > 1. We are now in the situation of case (2.2) of section 4 (where 

the r of that  case is replaced by r - 1). Using the notat ion of tha t  case, we can 

present our group as 

H = Z2,.+1 )4 (Z2,- x Z2)) 

~___< 7~,(~,T[~2 rq-1 ---- O. ' )r  = 7-2 ---- 1 and azca -1 = 71"3,77rV - 1  ---- 71 " - 1  > . 

The cocycle is given by the relations 

2r+1  - - 5  2 r  
U. n. ~ Uo-U~o . I -  

3 
C UTr , 

and 

U,rU~U~ 1 : CU~ 1 

2 ~ 2 u~ = s ,  u ~ = t ,  ( u ~ , u ~ ) = + l ,  u ~ u ~ = u ~  

for some c, s, t in k. 

Now consider the subfield L = k(u~) ~. It  is a Galois extension with Galois 

group isomorphic to the cyclic subgroup generated by a. The element ur acts on 

L by conjugation and this action is the Galois action because L r = L H/<r'r> C 

Z ( K ~ H )  = k. I t  follows that  the subalgebra generated by L and ur is the cyclic 

crossed product  algebra B = (L, a, s). We can decompose Dn ~ B | CD~ (B) as 

before. Once again, by dimension count the centralizer CD,, (B) is a quaternion 

algebra, so Dn is a product  of cyclics. | 

Adding this result to [1, Theorems 3 and 4] we obtain the following corollary. 

COROLLARY 14: I f  G is a finite group and D = k~G is a k-central division 

algebra, then D is isomorphic to a tensor product of  cyclic algebras. 
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